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Abstract 
Loeb, D. E., A generalization of the Stirling numbers, Discrete Mathematics 103 (1992) 
259-269. 
We generalize the Stirling numbers of the first kind s(a, k) to the case where a may be an 
arbitrary real number. In particular, we study the case in which a is an integer. There, we 
discover new combinatorial properties held by the classical Stirling numbers, and analogous 
properties held by the Stirling numbers s(n, k) with n a negative integer. 
1. Introduction 
The Stirling numbers are some of the most important combinatorial constants 
known. It is the hope of this paper, to generalize the Stirling numbers of the first 
kind s(n, k) to the case where n need not be a nonnegative integer. This leads to 
Equation (8) which points out the link between the two types of Stirling numbers. 
When it is an integer, we discover many new combinatorial properties held by 
the classical Stirling numbers, and analogous properties held by the Stirling 
numbers s(n, k) with n a negative integer. However, we defer some of their 
interesting combinatorial properties to another paper [6]. 
Finally, one should refer to [4] for one of the most important applications of 
these new constants: the calculation of the harmonic logarithms which form a 
basis for the iterated logarithmic algebra. 
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2. The lower factorial 
Recall that for n a nonnegative integer, the lower factorial function (x)~ is 
defined to be the product 
(x)n =x(x - 1) * * . (x - n + 1). 
Similarly, for IZ a negative integer, we can define 
(x)~=~~k(y-i)-l=(y+l)(y+:)...(Y-k)~ 
Equivalently, (Y)~ can be defined recursively by the requirements 
(yh = 1, and 
(Y)~ = (y -k + l)(~),_~ for all k. 
We make a brief digression on notation in order to prevent any possible 
confusion. We use the symbol (x)~ to denote the ‘falling powers’ y” = y(y - 
l)...(y-n+l); h owever, many researchers-for example, Askey and Henrici- 
reserve this notation for the ‘rising powers’ y” = y(y + 1) . . . (y + n - 1). 
Actually, as Knuth has pointed out, Pochhammer who devised this notation did 
not intend either of these definitions; he used (y), to denote y(y - 1) . e . (y - n + 
1)/n!. 
For a a real number, we can define (y), in terms of the gamma function. 
Definition 2.1 (Lower factorial). Let a be a real number, and let y be a formal 
variable. Define the lower factorial by 
(YL = 
UY + 1) 
r(y -a + 1) 
where T(y) denotes the formal power series expansion in the variable y of the 
gamma function. 
Note that for all real numbers a, 
(Y). = (Y -a + l)(Y),-1. (1) 
We digress to indicate how one could proceed more formally. Require [9] for 
all real numbers a that 
(Y)a+i 
g Lu + q ! f”+l = z ,uy;+;, ! log@  v+’ 
where y and f are variables. It then follows (see [l] or [lo]) that 
(Y)n+i =Y’+‘(I +A) 
where 
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and the S(i + k, j) are the Stirling numbers of the second kind. Note that A is not 
a Laurent series so the inner summation does not give the Stirling numbers of the 
first kind. 
3. The Stirling numbers of the first kind 
We generalize the classical definition of the Stirling numbers of the first kind, 
and derive some remarkable identities satisfied by them. 
Definition 3.1 (Stirling numbers of the first kind). For all real numbers a and for 
all nonnegative integers , we define the Stirling number of the first kind s(u, k) of 
degree a and order k to be the coefficient [yk](y), in the Taylor expansion of the 
lower factorial. Thus, 
(~)a = & s(a, k)yk. 
Note that for a a positive integer, this corresponds to the usual definition of 
Stirling numbers of the first kind. 
Example 3.1. (1) For n a nonnegative integer, s(n, k) is the usual Stirling number 
of the first kind. That is (-1) n?s(n, k) is the number of permutations of n 
elements which is the product of k disjoint cycles. 
(2) For all nonnegative integers k, ~(0, k) = 2&. 
(3) ~(a, 0) = 1 except when a is a positive integer in which case ~(a, 0) = 0. 
(4) See Table 1. 
Theorem 3.2. For all a and for all positive integers k, 
s(u + 1, k) = ~(a, k - 1) - as@, k). 
Proof. Equation (1). Cl 
Table 1 
Stirling numbers of the first kind, s(n, k) 
-F k -5 -4 -3 -2 -1 0 1 2 3 4 5 -6 
B & 1 6 t 110 0 0 0 0 0 
_-$& -&& -11 36 -9 -1 0 1 -1 2 -6 24 -120 
12.019 z 432,oml s% +% 8 100 1 -3 11 -50 274 
874.853 
- -2% 
-575 
2S,92o,cuJo 1296 _?6 -1 0 0 0 1 -6 35 -225 
,:,,24xJooo 8.067.611 0 0 l-10 85 
3.673ki.957 
_?j& 
wi.525 
% 2 100 
-93,312,ooo.olm -5,971,968 -22.631 4 ,656 -63 64 -100 0 0 0 1 -15 
sfzP*,&:&:o 6.5 . 3 . 71,663,616 1 . 79. 55 137.845 279,936 El00 0 0 0 0 1 
(2) 
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4. Properties of the Stirling numbers of the first kind 
4.1. Nonpositive degree 
In this section, we derive several identities which hold for Stirling numbers of 
the first kind with degrees which are nonpositive integers. 
Recall that a linear partition p is a non-increasing infinite sequence, (pi)+i, of 
nonnegative integers which is eventually zero. For example, p = 
(17, 2, 2, 1, 0, 0, . . .) is a linear partition. Each nonzero pi is called a part p. In 
the above example, the multiset of parts of p is {1,2,2,17}. The number of parts 
of p is denoted C(p). A linear partition p is said to be a partition of n if the sum of 
its parts is n, and we write p k n. The product of the parts of p is denoted by 
Jr(P). 
The set of all linear partitions is denoted by 9. A linear partition is said to have 
distinct parts if its multiset of parts is, in fact, a set. The set of all linear partitions 
with distinct parts is denoted by 9*. 
The zero sequence is a linear partition. It has no parts. Thus, it is a partition of 
zero with distinct parts, and the product of its parts is one. 
As promised, Proposition 4.1 and its corollaries give enumerative inter- 
pretations of the Stirling numbers of negative degree. 
Proposition 4.1 (Harmonic relation). For any nonnegative integers n and k, the 
Stirling number of degree n and order k is given by the sum 
s(-n, k) =$ c I@)-‘; 
. pep, I(p)=k. p,cn 
over all linear partitions p with k parts and with no part greater than n. 
We offer two proofs. 
Proof 1. Let n and k be as above, and define 
d(k) = n c MPF. 
pe~.h)=k,p,~n 
By Theorem 3.2, it suffices to verify the recursion 
,&k) _ &k--l) = n&k?1 n n 
for n and k positive, since the boundary conditions are easy to verify. 
Consider the following series of equalities. 
(3) 
&(k) _ d(k-1) = 
” n 
n c c 4P>-’ 
~9, &)=k, PI=~ PEP, &)=k-1, p,~n 
c JC(~)-~ c JGF 
yc9. &)=k, CIG~ PEP, &)=k. fi,=n 
Thus, Equation (3) holds. Cl 
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Alternately, we could adopt the following proof due to Y.C. Chen. 
Proof 2. For it positive, 
sc-7 k) = [Y”l(Y)L = +t [Y”l (I+ y)(l + ,,;I . . . (I+ y,n) 
= 9 [Y"l ( c Y”‘)( c (Y/2)9 . . . ( c (Y/n)“) 
PI30 P2”O P?+J 
(-Uk 
= - p&,/&k, p,sn n(p)-1e fl! ’ 
From the second proof, we have the following observation involving the 
complete symmetric function h,(x,, x2, . . .) defined explicitly by the sum 
h(x,, x2, . . .) = c (4) 
l~a,~a~=z.. “a. k=l 
and defined implicitly by the generating function 
n (1 --w-‘= c hl(x1, x2,. . .)Y”. 
n=1 ?ZZ=O 
Porism 4.2. Let n and k be nonnegative integers. Then 
s(-n, k) = hk(-1, -l/2, . . . , -l/n)/n!. 
Thus, we see from the harmonic relation (Proposition 4.1) that the Stirling 
numbers are simply related to the partial sums of the harmonic series. For k = 1, 
Proposition 4.1 yields a sum over partitions of length one with no part greater 
than it. There are n such partitions; they are the integers from 1 to n. Thus, the 
sum is the sum of the reciprocals of the first it integers, so that 
.!a(-n,1,q1+;+...+g. 
For the Stirling numbers of order 2, we obtain similarly: 
n!s(-n,2)=1+~(1+~)+~(1+~+~)+...+~(1+~+...+~), (6) 
and for order 3, we obtain 
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Proposition 4.3 turns out to be very useful in the calculation of Stirling numbers 
of the first kind. 
Proposition 4.3 (Knuth). Let n and k be nonnegative integers (not both zero). 
Then s(n, k) in given by the following jinite sum: 
s(-n, k) =T i ( n)(-l)“m-L. 
. m=~ m 
Proof. By consideration of the examples above, the proposition holds for n = 0 
and k = 0. Now, by induction we need only show that Equation (3) holds for the 
summation on the right side of Equation (7). 
C (“i l)(-l)mm-‘+~_CI (i)(-l)mml-* 
m==l 
= IX1 (-l)“m- 
*((“, ‘f+: u> 
= zl(- lYm 
-k(rm ‘I+ CI:)) 
=msl (-l)mm-k(ni ‘). •i 
We would like to generalize to the case where n need not be a nonnegative 
integer; however, this is impossible since in this case the sum is not only infinite 
but also divergent. 
Note that Proposition 4.3 is the analog of the following classical result [l] 
involving_Stirling numbers of the second kind S(k, n). 
S(k, n) = y 5 ( n)(-l)“mk. 
. 4 m 
Thus, in some sense we can say that 
S(k, n) = (-l)n+k+lr(-n, -k). (8) 
Proposition 4.1 has several more corollaries. 
Corollary 4.4. For nonnegative integers n and k, the Stirling number of degree n 
and order k is given by the sum 
s(-n’ k, = (n - l)! pEp,[((p)=k+l, pl=n n(p)-’ (-l)“n 2 
over all linear partitions p with k + 1 parts and whose largest part is n. 
Proof. Add the part n to each partition p being summed over in Corollary 
4.1. 0 
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Corollary 4.5. Let n and k be nonnegative integers. Then the Stirling number of 
the first kind of degree -n and order k is given by the sums 
s(--12, k) =$ 
. MS{1 2 z> ,M,=k L!Lm-l) I, I I 
(-Ok 
=- 
c 
(n - I)! MG(1.2 ,__., n},lMI=k+l,n& 
( II m-l) 
-W 
over multisets M where all of the products are computed with the proper 
multiplicities. 
Proof. Every linear partition is associated with a unique multiset of positive 
numbers called its parts. In the identities from Proposition 4.1 and Corollary 4.4, 
sum over these multisets instead of the partitions themslves. Cl 
Corollary 4.6. Let n and k be nonnegative integers. Then the Stirling number of 
the first kind of degree -n and order k is given by the sum 
s(-n, k)=qz (fiYz) 
i=l 
over all sequences (mi)y=l of n nonnegative integers which sum to k. 
Proof. Every linear partition is determined by the number mi of times each 
integer i occurs as a part. Hence, we can sum over sequences of nonnegative 
integers mi. 0 
We note that 
lim s(-n, k) = (-l)“l(n - l)! 
k-+= 
for all nonnegative n. 
4.2. Positive degree 
Now, we develop 
similar vein. 
(9) 
the classical Stirling numbers (those of positive degree) in a 
Recall that the trivial partition has no parts, and therefore the product of its 
parts is one; however, there are no partitions with -1 parts. 
Proposition 4.7 (Harmonic relation). Let k be a nonnegative integer, and let n be 
a positive integer. Then the Stirling number of the first kind of degree n and order k 
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is given by the sums 
s(n, k) = (-l)“+“(n - l)! 
p&*,4L~,<~ +-I 
over all linear partitions p with k - 1 parts all of which are distinct and less than n. 
Proof. Note that 
n-1 
s(n, k) = [J?](X), = [x”] n (x - i) 
i=O 
= c k! (-l)“-“n(p) 
pEB*,p,<n,C(p)=n-k 
= (-l)“+“(n - I)! veB* V,<TlcVj_k_l +V. q 
2 I 
Note also that s(n, k) = 0 if k > n > 0 or if k = 0 and n > 0, since there is no 
partition with k distinct parts all less than k, or with -1 parts. 
By way of example, let us consider the extreme cases. If k = n > 0, then we 
must have k - 1 distinct parts less than k. There is only one way to do this; we 
must use the partition consisting of the integers from 1 through k - 1. Thus, 
s(k, k) = 1. 
Conversely, for k = 1 and n > 0, we sum over partitions with no parts. The 
trivial partition is the only such partition, so s(n, 1) = (-l)“-‘(n - l)!. 
The Stirling numbers of positive degree and order 2 are related to the partial 
sums of the harmonic series 
s(n,2)=(-l)“(n-l)! (l+Jj +...+A). 
Again, as happened for Stirling numbers of nonnegative degree, higher orders 
correspond to generalizations of the harmonic series. 
Some useful equivalent formulations of Proposition 4.7 follow. 
Corollary 4.8. Let k be a nonnegative integer, and let n be a positive integer. Then 
s(n, k) = (-l)n+kn! -n 
PE9*,l;=k,p,=n n(y)-” 
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Proof. Add the part n to each partition p being summed over in Proposition 
4.7. 0 
Corollary 4.9. Let k be a nonnegative integer, and let n be a positive integer. Then 
s(n, k) = (-l)“‘“(n - l)! z 
SE(1.2 ,..., n-l),ISI=k-1 
= (-l)“+kn! C 
Sc{1,2 ,___, n},lSI=k.nd 
where the sums range over sets S. 
Proof. These identities can be obtained from Proposition 4.7 and Corollary 4.8 
by summing over the set of parts of ,u instead of p itself. 0 
CoroUary 4.10. For all nonnegative integers k and all positive integers n, the 
Stirling number of the first kind of degree n and order k is given by the sum 
s(n, k) = (- l)n’kn! Plngj=k (JGF’)( fi mi(P,!)-’ 
j=l 
over partitions p of the number n into exactly k parts, and m,(p) denotes the 
number of times i occurs as part of p. 
Proof. Is(n, k)l is the number of permutations of n letters with k cycles. The 
number of permutations of cycle type p is n! (nial imimi!)-’ where mi is the 
number of parts of p equal to i. 0 
In contrast to Equation (9), we have the following. 
Proposition 4.11. For n positive, 
k$l (-l)“s(n, k) = (-l)““/(n - l)! . 
Furthermore, 
(11) 
kzO (-l)“s(n, k) = (-l)““/(n - l)! . (12) 
Proof 1. It suffices to demonstrate Equation (12), since s(n, k) = 0 if k = 0 or if 
k > n. Let us expand the left-hand side of the Equation (12) as follows: 
&(-I)“+ k) = (-1)” & M-n, WI 
=(-1)” 2 I{JrES_ n: it has k cycles}1 = (-l)“n!. Cl 
kHI 
Alternately, we have the following proof. 
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Proof 2. As mentioned above, it suffices to verify Equation (12). 
k~Os(n, k)(-l)k = (-1)(-l - 1) * - - (-1 -n + 1) = (-l)%! , 0 
z= 
Recall the definition of the elementary symmetric function e&x1, x2, . . .). It is 
defined explicitly by the sum 
e&1,x2, . ..I = c ii h 
O<q<a.q<...<ank=l 
(13) 
over all linear partitions CY with n distinct parts, and it is defined implicitly by the 
generating function 
~~(~+x~Y)=~~G(x~. ~2, . . .)Y”. 
Proposition 4.12. For k nonnegative and n positive, 
s(n, k) = (-l)“(n - l)! ek_,(-1, -l/2, . . . , -l/n) 
=e,_k(-l, -2, -3, . . . , -n + 1). Cl 
We digress to discuss the implications of Pot-km 4.2 and Proposition 4.12. The 
Stirling numbers of the first type with nonnegative degree are merely examples of 
the complete elementary symmetric function, and those with negative degree are 
merely examples of the elementary symmetric function. This duality is not too 
surprising in light of [8] which interprets the elementary symmetric function as an 
extension of the complete symmetric function to a ‘negative’ number of variables. 
In fact, if we adopt the notation of [6], then we deduce 
1 1 1 
__ _- __ 
s(n, k) = lim 
1+e’ 2+e’“’ n-i-e 
c-0 r(n + l+ l )
for all integers n and nonnegative integers k. 
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